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Abstract

A set of optimal trajectories is given for
straight flights through vertical wind-
fields of different extensions with one
glider (LS3, 15-m class). Two types of
optimal trajectories exist which in some
regions appear in parallel as local opti-
ma. The phuboid wavelength at the
Nickel/MacCready speed is shown to be
the deciding factor for the determination
of the global optimum. These theoreti-
cally optimal trajectories will be hard to
pilot for short windfields. For relatively
long ones the optimal flight takes place
at n, close to one. :

Introduction: In competition soaring
maximum range and given range in min-
imum time are of major interest today.
The latter task requires - besides select-
ing the best route with regard to thermals
- also a dicision how to use the upwind
fields in an optimal fashion: cycling or
traversing and if traversing, with which
speed and load factor program. Flying
from one thermal to the next, the most
favourable speed depends on the net
climb rate wy expected in the next ther-
mal and is constant, if there are no verti-
cal winds in between. Nickel [1] and
MacCready [2] developed a theory and
an instrument to guide the pilot in a sim-
ple fashion. If there are upwinds en route
simple physical reasoning indicates to
slow down in upwinds and to speed up
in downwinds in order to improve the
performance. But exactly how large
these deviations should be is a much
more difficult question.

Pierson and de Jong [3] formulated the
task as an optimal-control problem and
de Jong [4] gave some isolated numerical
solutions showing that two different
types of optimal trajectories exist.

This paper documents the results ob-
tained by applying the calculus of varia-
tions and an algorithm for solving the
arising boundary value problem. The
mathematical formulation will be given
in a forthcoming publication [5] and is
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omitted here. The windfield model is an
exponential one according to [4] with
downwinds surrounding the upwind
center (see fig. 2a and c, fig. e, dashed
curves).

vz

Discussion of results: Figure 1 shows
the nomenclature with V, = horizontal
and V, = vertical speed component (pos-
itive downward), ww = upwind (neg.),
all given in meters per second [m/s].
A(C,) is the lift force (coefficient) A =
0.5 V3SCa which divided by mass and
Earth gravity mg yields the normal load
factor n,, a critical guidance quantity.
The performance index @ is flight time
to the starting altitude in the next ther-
mal

(D=T+—h°_hf,
WN

where T is cross-country flight time and
the second term is the time in the thermal
to climb back to hg, the initial altitude.
Figure 2 shows range histories of vari-
ables for two optimal trajectories, one
with a wavelength A, of the windfield of
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Fig. 2 Optimal trajectories for windfield wavelengths A, = 280 m (x;y = 500 m) and
1400 m (x; = 2500 m) for LS-3, wing loading 33 kg/m?, wx = 2 m/s; Wwmax] = 3 m/s.




280 m (left, a, c, €), corresponding to x; =
500 m, and the other with a fivefold A
of 1400 m (xf = 2500 km, right). For the
latter case the load factor is always close
to 1 (.86 to 1.1), see upper right, fig. b),
while in the former one it reaches a peak
of 4 and two minima (n; ~ 0.2) in the
downwind region. The lift coefficient Cx
in both cases has a pronounced maxi-
mum at the upwind center while the for-
ward speed V has a maximum for the
short and a minimum for the long wave-
length (upper part figures ¢ and d). In or-
der to pick up the speed needed in short
windfields for maximum energy transfer
at the upwind center by using high g
loads (n,), the glider has to be dashed
into the windfield, trading altitude for
speed (fig. 2e, lower left). In long wind-

fields the lower speed Vy is achieved by
trading kinetic energy for altitude and
the climb rate is accentuated by the up-
wind. When leaving the windfield the si-
tuation is reversed. The payoff quantity
@ at the center of the windfield has a rel-
ative maximum for the short and mini-
mum for the long wavelength (fig. € and
f). The trajectory for large A is said to
be of type I (conventional dolphin-style
flight with n, ~ 1), while the one for
small A, is termed to be of type II (high
g loads).

The extremal values of a trajectory,
marked by circles in fig. 2, can be used to
characterize this trajectory. Figure 2
shows the family of optimal trajectories
existing between the two windfield wave-

 lengths shown in fig. 2. The maximum

upwind is 3 m/s and the net climb rate in
the next thermal is assumed to be wy = 2
m/s for a wing loading of 33 kg/m?2. The
flight always starts 0.884 wavelengths be-
fore the upwind center and ends the
same distance behind it with boundary
values -according to the Nickel/
MacCready speed Vig = 41.63 m/s, V.5
= 1.344 m/s, hg is 300 m. For a new
range parameter the initial values
needed to start the numerical iteration.
(required for solving the boundary value
problem) were taken from the last con-
verged solution. Surprisingly enough, in
a certain region the converged solution
depended on the direction of the wave-
length parameter change (overlapping
dashed curves in figure 3).

Type-I solutions are seen to exist from
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Fig. 3 Extreme values of some variables for a family of solu-

tions between the cases of figure 2.
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Fig. 4 Two equivalent trajectories with different control histo-

ries for the case A, = Ag (X = 1500 m, see fig. 3): I trades speed
for height, II trades height for speed.
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the upper end down to x¢ = 875 m (Ap =
310 m), quickly recognizable by large
values of max. lift coefficient Ca opt max
(upper part) and max. altitude h (lower
part) as well as by the low value of Vy min
(middle, right). The upper and lower
bounds for the loadfactor (max n, and
min n,, lower curves in upper figure
right) both tend towards 1 for increasing
windfield lengths.

The type-II solutions (left part of the
figure) are marked by high g loads, de-
creasing with increasing windfield
lengths, relatively high values for both
max. and min. horizontal speed Vy and
by low values of the minimum altitude
min h (lower curve).

Beyond-a certain range, correspond-
ing to the point where the phugoid wave-
length Ag at the Nickel/MacCready ve-
locity Vv (Ap = 0.453 V2 [metric
units]) is equal to the windfield wave-
length A, the type-II solution did not
occur anymore (jump in several curves at
X = 1500 m). Below this point it yielded
somewhat lower payoff functions @
than the type-I solutions, i.e. type II is
the global optimum while type I in this
range is only a local one.

Figure 4 shows both trajectories at Aa
= Ag in full details (like figure 2) in a su-
perposition in order to better demon-
strate the differences during the flight,
while the payoff function at the end is
exactly equal. The load factor history (a)
yields large climb speeds V, (¢) and a
sharp altitude gain (c) when entering the
windfield for the type I trajectory; climb
speed rises to almost 4 times the max.
windspeed. The lift coefficient Ca re-
aches its upper bound in the windfield
center (b) while the horizontal speed
goes down to less than half of the bound-
ary values (d).

The type II trajectory here has to be
flown at almost constant lift coefficient
(b) close to the steadystate Nickel/
MacCready value. Vy has only a slight
relative maximum (d) and the altitude
trace really looks like a dolphin-trajecto-
ry (c). The payoff functions @ (f) are the
same at the beginning and the end; they
deviate in the upwind region in the typi-
cal way discussed above.

The influence of several different
windfield types and different airplane
parameters is discussed in [5], [6]. Also
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analytical approximate solutions for
very large and very small windfield
lengths are given there. Simulation re-
sults show that pilots can fly these trajec-
tories provided the upwind field as well
as the optimal trajectory are known to
them in advance which usually is not the
case. The lastmentioned deficiency may
be overcome, at least in an approximate
manner, by the use of microcomputers,
while knowing the wind field may be out
of range.
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Zusammenfassung

Es wird ein simulierter Datensatz op-
timaler Durchflige eines Segelflug-
zeuges LS 3 (15-m-FAl-Klasse) im
Geradeausflug durch ein Aufwindfeld
verschiedener Ausdehnung vorge-
stellt. Dabei ergeben sich 2 Typen
von Trajektorien, die an bestimmten
Stellen des Aufwindes optimal zu
sein scheinen. Der entscheidende
Faktor bei einer optimalen Gesamt-
flugbahn ist die Phygoid-Wellenlan-
ge bei der entsprechenden Nickel-/
MacCready-Geschwindigkeit. Die
von der Theorie her optimalen Trajek-
torien kdnnen von Piloten nur
schwierig ausgenitzt werden, wenn
das Aufwindfeld relativ klein ist. Bei
grdsseren Aufwindfeldern liegt das
vertikale Lastvielfache nz einer opti-
malen Flugbahn bei etwa 1.




